We study the splitting of a harmonically trapped atomic Bose-Einstein condensate when we continuously turn up an optical lattice (or a double-well) potential. As the lattice height is increased, quantum fluctuations of atoms are enhanced. The resulting nonequilibrium dynamics of the fragmentation process of the condensate, the loss of the phase coherence of atoms along the lattice, and the reduced atom number fluctuations in individual lattice sites are stochastically studied within the truncated Wigner approximation. We perform a detailed study of the effects of temperature and lattice height on atom dynamics, and investigate the validity of the classical Gross-Pitaevskii equation in optical lattices. We find the atom number squeezing to saturate in deep lattices due to nonadiabaticity in turning up of the lattice potential that is challenging to avoid in experiments when the occupation number of the lattice sites is large, making it difficult to produce strongly number squeezed (or the Mott insulator) states with large filling factors. We also investigate some general numerical properties of the truncated Wigner approximation.
I. INTRODUCTION
The experimental progress in loading ultra-cold atomic gases in weakly coupled mesoscopic traps formed by periodic optical potentials has provided a dilute atomic system with strongly enhanced interactions. Examples of this progress include experiments on the Bose-Einstein condensate (BEC) coherence [1] [2] [3] [4] [5] , the atom numbersqueezed states [6] , the Mott insulator (MI) phase transition [7] [8] [9] [10] [11] , atom dynamics [11] [12] [13] [14] [15] , and fermionic systems [16] [17] [18] . Ultra-cold atoms trapped in an optical lattice resemble traditional condensed matter crystal lattice systems [19] , but optical lattices are amenable to much higher experimental control. The lattice strength can be easily modified [2, [6] [7] [8] [9] 20] and it could be possible to engineer, e.g., complex lattice geometries [21] , interatomic interactions [22, 23] , and the spatial profiles of the atomic hopping amplitude between the lattice sites [24] [25] [26] [27] [28] [29] .
In order to produce atomic lattice systems close to their ground state, atoms need to be adiabatically loaded into the optical lattices by continuously turning up the lattice potential. The BEC is initially confined in a harmonic trap. The increasing strength of the lattice potential reduces the tunneling amplitude between the neighboring lattice sites and the system becomes more strongly interacting. The strong interactions enhance quantum fluctuations, eventually destroying the long-range phase coherence of the atoms and fragmenting the BEC. If the turning-up of the lattice potential is not adiabatic, the quantum fluctuations of the atoms can be far from their ground state properties, resulting in complex dynamics.
In order to preserve adiabaticity during the turningup of the optical lattice potential, the rate of change of the Hamiltonian has to be slower than any time scale of the system. The required slow ramping-up time generally makes it very difficult to reach the MI ground state experimentally, when there are many atoms per lattice site, as we demonstrated in Ref. [30] . The situation is different from the MI state experiments [7] [8] [9] [10] [11] with small filling factors, because of rapidly emerging energy gap and larger quantum fluctuations in the case of small atom numbers. The nonadiabaticity of the turning up of the optical lattice has recently been theoretically studied also by using classical Gross-Pitaevskii equation (GPE) (without thermal and quantum fluctuations): The buildup of an inhomogeneous phase profile [31, 32] was identified in the classical analysis as a potential signature for nonadiabaticity.
In this paper we study matter wave dynamics beyond the classical mean-field theory by considering a harmonically trapped BEC that is dynamically split by an optical lattice potential. In our numerical model the quantum and thermal fluctuations of the atoms are included in a classical stochastic field description within the truncated Wigner approximation (TWA). We provide a more detailed and extended analysis of our previous results [30] by also studying the limits of validity of the classical GPE and the general numerical properties of the TWA. The lattice systems we consider have large occupation numbers per site. Recent experimental studies by Orzel et al. [6] on the squeezing of atom number fluctuations have been performed in the similar limit of strong optical lattices and large filling factors. The states with squeezed atom number fluctuations with high occupation numbers are of great interest in precision measurements, as they may allow Heisenberg limited interferometry with potential technological applications [33] .
We study the nonequilibrium dynamics of the BEC that is split by the lattice potential, describing the loss of phase coherence along the lattice, the atom number fluctuations within individual lattice sites, and the fragmentation process of the BEC. We show in numerical TWA simulations how the atom number fluctuations evolve in time after the turning up of the lattice potential from almost Poisson initial value to a strongly reduced result that depends on the parameters of the system. We also show that the squeezing of atom number fluctuations saturates for deep lattices, as a consequence of nonadiabatic turning up of the lattice potential. The saturation of the number squeezing for deep lattices was experimentally observed in Ref. [6] . This system was not tightly elongated as our 1D numerical model, but we can still make qualitative comparisons to the experimental data. Although the saturation was assumed in Ref. [6] to be an artifact of the analysis method of the interference measurement, we also numerically find a similar saturation effect in a qualitative agreement with the experiment. Since the atom number fluctuations in Ref. [6] were indirectly detected from the phase noise of the interference measurement, not all the experimentally detected phase fluctuations may have directly corresponded to the atom number squeezing, due to the possibility of nonadiabatic loading of the atoms. We find, however, in the TWA simulations that considerable atom number squeezing can be present even in the nonadiabatic regime in the presence of increased phase noise and a nonuniform phase profile.
In the numerical TWA simulations we first consider a BEC that is split by a simple double-well potential and compare the numerical results to the phase collapse rate calculated for an equilibrium BEC in a double-well potential. We then apply the TWA to the splitting of a BEC by a periodic optical lattice potential that constitutes the main results of the paper. We evaluate the dynamics of the phase coherence between atoms occupying different lattice sites and the atom number fluctuations in individual sites during and after the the splitting of the BEC. We study in detail different cases when we vary the final height of the lattice potential, the initial temperature and nonlinearity. In order to investigate the limits of validity of the classical GPE, we also systematically compare the TWA simulation results to the GPE results by varying the initial temperature and the final lattice height. In shallow lattices and at low temperatures the two approaches yield very similar results for the coherence properties and atom statistics. However, as the lattice height and/or the temperature are increased the validity of the GPE becomes poorer.
We also study the generation of the initial state in the TWA simulations using an ideal gas. The stochastic noise is sampled for noninteracting atoms, before turning up the nonlinearity in order to produce the initial state of an interacting system. We find that this technique works better at low temperatures in which case the results are close to the ones obtained by more accurate TWA calculations.
Since the TWA simulations return symmetrically order expectations values, we also investigate the importance of the particular stochastic representation of the density matrix. We demonstrate by numerical examples that the correct transformation between symmetric and normal operator orderings is very crucial in obtaining the correct physical results, especially at low temperatures.
The TWA was introduced in nonlinear optics to study quantum fluctuations [34] and it has provided successful descriptions for nonlinear optical squeezing [35] . The TWA and other closely related classical field methods [30, [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] have previously also been applied to the studies of atomic BEC dynamics. In our earlier studies [30, 43] we found that the TWA is particularly useful to study bosonic atom dynamics in optical lattices in the limit where the full multi-mode dynamics, beyond the tight-binding approximation, becomes important and when the atom filling factor in the lattice is large. In Ref. [43] the TWA was able to describe the experimentally observed dissipative atom dynamics in tightly confined, shallow 1D optical lattices [11] even in a strongly fluctuating quantum system.
In Sec. II we introduce the TWA and the methods to extract the normally ordered physical observables in the numerical simulations. We also describe the general numerical approach used in the TWA simulations in Sec. II C. The splitting of a harmonically trapped BEC by an optical potential is studied in Sec. III. We first consider a double-well potential in Sec. III A and an optical lattice with a small number of sites in Sec. III B. The main numerical results of the paper are presented in Sec. III C where we address an optical lattice with a larger number of sites. The effects of the final lattice height on the atom number fluctuations and matter wave coherence are studied in Sec. III C 1. We analyze the adiabaticity of the turning up of the lattice potential and present qualitative comparisons to the experiment of Ref. [6] . The effects of initial temperature and nonlinearity on the dynamics are studied in Sec. III C 2. We compare the TWA simulation results to the classical GPE results in Sec. III C 3 by varying the initial temperature and the final lattice height. The change of temperature during the splitting is analyzed in Sec. III C 4. An alternative method for generating the initial state of the TWA simulations by turning up the nonlineariaty is studied in Sec. III C 5. In Sec. III C 6 we consider the effect of the initial state noise sampling in the TWA and in Sec. III C 7 the importance of symmetric operator ordering in the Wigner representation. A few concluding remarks are made in Sec. IV. The Bogoliubov approximation in a discrete tight-binding approximation is introduced in Appendix A and the three-body losses are estimated in Appendix B.
II. OVERVIEW OF THE METHOD

A. Truncated Wigner approximation
We assume that the bosonic atoms are trapped in a tight elongated (along the x direction) cigar-shaped (pro-
Here the radial frequency is denoted by ω ⊥ and the axial frequency by ω. We ignore the density fluctuations along the transverse directions in order to obtain an effective 1D Hamiltonian:
HereL
includes the kinetic energyT ≡ − 2 ∂ 2 x /(2m), the harmonic trapping potential along the axial direction V h ≡ mω 2 x 2 /2, and the time-dependent periodic optical lattice potential, or in the case of the double-well a Gaussian potential barrier, V o (x, t). The atom mass and the chemical potential are denoted by m and µ, respectively. The effective 1D interaction strength is given by g 1D = 2 ω ⊥ a, where a is the scattering length.
We study the dynamics of a finite-temperature BEC within the TWA when we load the atoms into an optical lattice by ramping up the periodic lattice potential. The TWA may be obtained by using the familiar techniques of quantum optics [47, 48] to derive a generalized Fokker-Planck equation for the Wigner distribution of the trapped multi-mode BEC [36] . We obtain from the Hamiltonian (1):
Here the density operator of the quantum system is represented by a classical quasidistribution function W (ψ, ψ * ) of the complex functions (ψ, ψ * ) that correspond to the field operators (ψ,ψ † ). The expectation values in the Wigner representation · · · W are obtained from the quasidistribution function:
The expectation values obtained according to the Wigner distribution correspond to the expectation values of quantum operators that are in symmetric, or Weyl, order.
The diffusion matrix of the Fokker-Planck equation (3) for W (ψ, ψ * ) vanishes identically and the dynamical quantum noise acts via third-order derivatives. It is useful to write Eq. (3) in terms of stochastic differential equations for (ψ, ψ * ) whose ensemble average of the dynamics generates the expectation values (4) obtained from the quasidistribution function. The TWA consists of neglecting the third-order derivatives in Eq. (3), resulting in a deterministic equation for the classical field ψ W which coincides with the Gross-Pitaevskii equation (GPE) [36] :
(5) Here we have introduced a subscript in ψ W in order to emphasize that it denotes the classical Wigner representation of the field operator. We have also explicitly included the constant phase factors from Eq. (3). Although the time evolution represented by Eq. (5) is deterministic, the thermal and quantum fluctuations are still included in the initial state of ψ W that represents an ensemble of Wigner distributed wave functions. The neglected terms in the TWA are small when the amplitudes of the Wigner distribution are large. It should be emphasized that without ignoring the third-order derivatives in the Fokker-Planck equation no simple stochastic description exists. The stochastic representation in the TWA for the field operator exists for the states for which W (ψ W , ψ * W ) is positive. The stochastic description is especially useful since a single field ψ W incorporates both the condensate and the noncondensate populations.
The atoms are initially assumed to be in thermal equilibrium in a harmonic trap, before the periodic optical lattice potential is turned up. In order to sample the initial state stochastically, we solve the quasiparticle excitations of the BEC within the Bogoliubov approximation. We expand the field operatorψ(x, t = 0) in terms of the BEC ground state amplitudeα 0 ψ 0 , with α † 0α 0 = N 0 , and the excited states:
Hereα j are the corresponding quasiparticle annihilation operators, with
and ψ 0 is ground state solution of the GPE with the chemical potential µ. The quasiparticle mode functions u j (x) and v j (x) (j > 0) and the corresponding eigenenergies ǫ j are obtained as solutions to the Bogoliubov equations in the subspace that is orthogonal to the ground state wave function ψ 0 :
In the TWA we unravel the dynamics into individual stochastic trajectories where the classical representation ψ W (x) of the initial state of the quantum field operatorψ(x, t = 0) in Eq. (6) is sampled according to its Wigner distribution W (ψ W , ψ * W ), so that the ensemble average of these individual realizations synthesizes the correct quantum statistical correlation functions according to Eq. (4). In particular, in order to construct ψ W (x, t = 0) fromψ(x, t = 0) in Eq. (6), we replace the excited state quantum operators (α j ,α † j ) (for j > 0) by the complex random variables (α j , α * j ), obtained by sampling the corresponding Wigner distribution of the quasiparticles. Within the Bogoliubov approximation the operators (α j ,α † j ) behave as a collection of ideal harmonic oscillators whose Wigner distribution in a thermal bath may be easily evaluated [48] :
where ξ j ≡ ǫ j /2k B T . The Wigner function is Gaussian distributed with the widthn j + 1 2 . The nonvanishing contribution to the width at T = 0 for each mode represents the quantum noise. Since the Wigner function returns symmetrically ordered expectation values, we have
and similarly α j W = α * j W = α 2 j W = 0, etc. In many realistic physical situations the number of modes required to generate the fluctuations in the initial state can significantly exceed the lowest energy band in optical lattices [43] , emphasizing the multi-band nature of the TWA.
We consider large BECs with N 0 ≫ 1. Since the BEC is initially weakly-interacting and confined in a harmonic trap with no optical lattice, the main contribution to the matter wave coherence is due to the thermal and quantum fluctuations of low-energy phonons that are more important than the quantum fluctuations of the initial state of the BEC mode. In most cases studied in the paper, we sample the quantum noise of the BEC mode according to the Wigner distribution of the coherent state [48] :
for which α 0 W = N 1/2 0 and α * 0 α 0 W = N 0 + 1 2 . Since we compare the matter wave coherence between the atoms in different lattice sites, the global BEC phase is unimportant. The advantage of using the coherent state description is that the corresponding Wigner distribution is positive. As shown later in the paper, the assumption of the coherent state for the BEC mode is not very important. In fact, we could even treat the BEC mode classically without significantly affecting the results. In Section III C 6 we compare the sampling of the BEC mode according to Eq. (11) to the case in which the BEC mode is treated classically having a fixed number of atoms. A classical treatment of the ground state does not affect the prediction for the phase coherence along the lattice, but produces slightly smaller atom number fluctuations in the lattice sites.
Our TWA model for the trapped atomic vapor is for the Hamiltonian describing a closed system. In the lattice experiments the atoms are also coupled to environment, resulting in dissipation with the system relaxing towards its ground state. We could introduce a more sophisticated model, e.g., by incorporating the three-body losses and the spontaneous emission due to the lattice lasers. This would introduce also a dynamical noise term in Eq. (5) . Although the spontaneous emission generates an important loss mechanism for the atoms in several experimental situations, it can be reduced by further detuning the lattice laser light from the resonance of the atomic transitions. For instance, with intense CO 2 lasers, that are far off-resonant, the spontaneous emission rate can be very low [49] . In Appendix B we estimate the importance of the three-body losses of atoms in a 1D optical lattice for a typical set of parameters considered in the TWA simulations.
B. Symmetric ordering
The Wigner distribution returns symmetrically ordered expectation values for the field operators. This means that in the TWA simulations the expectation values involving the full multi-mode Wigner fields are symmetrically ordered with respect to every mode. In general, this can significantly complicate the analysis of the numerical results from the TWA simulations. For instance, for the initial state (6) the simple spatial correlation function in the Wigner representation would actually return:
where · · · W denotes the expectation value obtained from the TWA simulations and · · · the normally ordered expectation value of the quantum operators. In order to extract normally ordered expectation values for the correlation functions of the BEC from the TWA simulations, Steel et al. in Ref. [36] defined a 'condensate mode' operator associated with the projection of the stochastic field onto the ground state solution. This was used to calculate the phase diffusion of a spatially static, harmonically trapped BEC. Since here we study the splitting of a BEC by a periodic optical lattice potential, it is useful to define analogously the ground state operators a j for each individual lattice site j:
where ψ W (x, t) is the stochastic field, determined by Eq. (5), and ψ 0 (x, t) is the ground state wave function at time t, obtained by integrating the GPE in imaginary time in the potential V (x, t). The integration is over one lattice site. In the following we also use the same description in a double-well potential in which case we integrate over the left and the right wells. The importance the correct operator ordering is demonstrated by a numerical example in Section III C 7.
With the projection method we can avoid the complications arising from the symmetrically ordered multimode field ψ W . Using the definition in Eq. (13), the normally ordered expectation values can be easily obtained for each lattice site ground state mode a j . For instance, the atom number in the ground state in the jth site reads:
and the atom number fluctuations in the jth site:
Similarly, in order to characterize the phase coherence along the lattice, we may introduce the normalized firstorder correlation function C j between the atoms in the central well of the lattice and in its jth neighbor:
In order to obtain directly the fluctuations in the relative phase operatorφ 0j ≡φ j −φ 0 between the atoms in the central lattice site and in its jth nearest neighbor, we evaluate D j defined as:
Hereâ j = |â j |eφ j and D j is calculated by normalizinĝ a † 0â j in each stochastic trajectory before the averaging. Typically D j and C j yield almost equal results and we usually only show C j .
C. Numerical approach
We study the nonequilibrium quantum dynamics of the bosonic atoms within the TWA. The BEC, which is initially confined in a harmonic trap, is split by a periodic multi-well optical lattice or a double-well potential. The atoms are initially assumed to be in thermal equilibrium and we first solve the ground state amplitude profile ψ 0 (x) by evolving the GPE in imaginary time in the harmonic trap. We then diagonalize the Bogoliubov equations [Eq. (8) ] in the subspace orthogonal to ψ 0 (x) in order to obtain the quasiparticle eigenfunctions u j (x), v j (x) and the corresponding eigenenergies ǫ j .
Throughout the paper we use large atom numbers, N 0 = 2000 atoms at the beginning of the ramp, so that the occupation number of the central lattice sites is always high. For the typical nonlinearity N 0 g 1D = 100 ωl, with l ≡ ( /mω) 1/2 , the corresponding initial Thomas-Fermi radius R/l = (3N 0 g 1D /2 ωl) 1/3 ≃ 5.3. In 1D the strength of interactions is commonly expressed in terms of the ratio γ between the interaction energy and the kinetic energy needed to localize the atoms within the mean interatomic distance 1/n 1D , where n 1D is the 1D atom density [50] . We obtain γ = mg 1D /( 2 n 1D ) 10 −3 and the initial harmonically trapped BEC is well described by the GPE and the Bogoliubov theory.
The time evolution of the ensemble of Wigner distributed wavefunctions, determined by Eq. (5), is unraveled into stochastic trajectories, where the initial state of each realization for the classical stochastic field ψ W is generated using the expansion (6) with the operators replaced by the complex, Gaussian-distributed [Eqs. (9) and (11)] random variables (α j , α * j ). During the time evolution we continuously increase the strength of the periodic optical lattice potential or, in the case of the doublewell, a repulsive Gaussian potential at the center of the trap. The integration of the time dynamics [Eq. (5) ] is performed using the nonlinear split-step method [51] on a spatial grid of up to 4096 points and in several cases with the optical lattice potential the sufficient convergence is obtained after 600 realizations, whereas in a double-well potential typically around 800 realizations are required. The convergence is generally slower at higher temperatures. Finite temperature systems require more iterations and are therefore numerically more demanding. This is clear in the sampling of the Wigner distribution in Eq. (9) whose width increases with the initial temperature T i , indicating higher excited level population and more noise in the initial state Wigner distribution. Unlike the 3D TWA [38] , the 1D simulations do not similarly depend on the total number of quasiparticle modes and we found the calculated results to be unchanged when we varied the number of modes.
III. SPLITTING A BEC BY AN OPTICAL POTENTIAL
A. Double-well potential Before turning to the dynamical studies of bosonic atoms fragmented by an optical lattice, it is useful first to introduce the TWA method in a much simpler doublewell potential case. Since the projection method we found very useful in an optical lattice is much less accurate in a double-well potential for short nonadiabatic ramping-up times, we only present here some example cases and will publish a more detailed study elsewhere.
The splitting of a BEC by a double-well potential has attracted considerable theoretical interest in the past (see, e.g., Refs. [52, 53] , and references therein). Also the finite-temperature dynamics of atomic BECs in a doublewell potential has been investigated [54, 55] . Recent ex-periments include, e.g., the use of a double-well BEC as a noise thermometer [56] .
We use the similar set-up as in the early BEC experiment of Ref. [57] , where a harmonically trapped BEC was split by a blue-detuned far-off resonant laser beam. We model the laser by a Gaussian potential in Eq. (2)
with σ = 0.5l 2 . During the time evolution, we increase exponentially the laser potential to some final value A f at time τ according to A(t) = exp(κt) − 1. In Fig. 1 we show the dynamics of the phase coherence C 1 between the two wells, as defined in Eq. (16) . We vary the nonlinearity and the initial temperature. The ramping-up time of the Gaussian potential is ωτ = 5. As expected, both the increase in the nonlinearity and in the initial temperature result in a faster reduction of the relative phase coherence. However, the projection to the ground state in Eq. (13) in the double-well case resulted in notable atom number oscillations and the calculated phase coherence values should therefore be considered only as an order of magnitude estimates. We can compare the zero-temperature case of the collapse time of the relative phase coherence between the atoms in the two wells to the estimates obtained from the Bogoliubov theory for a ground state BEC [58] . If we generalize the results of Ref. [58] for the present situation and for arbitrary ∆n, we obtain for the collapse time τ c :
After a time τ c , the value of the coherence function C 1 is reduced to 0.5. The values of n and ∆n in Eq. (19) could be obtained from the numerical results of the TWA simulations, e.g., by averaging ∆n after the ramping process. If we assume the atom number fluctuations between the two wells to be Poissonian (or binomial), we obtain for the collapse times ωτ c = 3.3, 2.5, 2.1, for the nonlin- 
B. Optical lattice with a small number of sites
The condensate fragmentation is generally much more difficult to analyze when the number of wells is increased from two [59] . The TWA, incorporating quantum and thermal fluctuations for the complete field operator, becomes a very useful tool in investigating the dynamics of the fragmentation process. Unlike in the double-well case, the projection method to the lowest mode in each site produces stable and more accurate results.
In this Section we demonstrate the loss of phase coherence between the atoms in different lattice sites, when the BEC is split by continuously turning up an optical lattice with a small number of sites. We evaluate the phase collapse both at T = 0 and at finite temperature. In the following Section we turn to a more detailed study of the turning up process of the lattice potential when the number of lattice sites is larger.
We start with the system in thermal equilibrium in the harmonic trap and continuously turn up an optical lattice potential,
where the lattice photon recoil energy
and d = λ/2 sin(θ/2) denotes the lattice period, obtained by two laser beams intersecting at an angle θ. The advantage of 1D lattices is that the lattice spacing can be easily modified by changing the angle between the lasers.
In the simulations the height of the lattice potential s(t) is turned up exponentially during a time τ to some final value s according to for t ≤ τ . In this Section we use the lattice spacing d = πl/4 and the nonlinearity N 0 g 1D = 120 ωl. For instance, the ground state calculated at the lattice height s = 37.5 then occupies ∼ 19 sites; see Fig. 2 . However, in a fast nonadiabatic turning up of the lattice, we study here, only about 13-15 wells are occupied after the ramping.
As the lattice is raised the tunneling amplitude of the atoms between the neighboring sites decreases exponentially and the system becomes more strongly interacting. The strong interactions in the lattice enhance quantum fluctuations, eventually destroying the long-range phase coherence of the atoms.
The relative phase between the atoms in different lattice sites during the turning up of the lattice potential generally indicates the flow of atoms towards the edges of the atom cloud, as the cloud radius increases due to the lattice. The dynamics of the phase on a single stochastic realization also undergoes stochastic fluctuations due to the vacuum noise. The deeper the lattice potential, the larger are the variations in the dynamical trajectories of the phase between individual stochastic realizations. These variations, once averaged over a large number of realizations, result in the loss of phase coherence.
In Fig. 3 we show the normalized phase coherence C 1 for the atoms between the central well and its first neighbor, as defined in Eq. (16) at different initial temperatures T i , for two different values of the ramping-up time. The phase collapse time exhibits exponential-like decrease as a function of T i for ωτ = 1. We also show the phase coherence between the atoms in the central site and in its several nearest neighbors, describing the phase coherence along the lattice. The effect of the ramping-up time and the final lattice height on the phase coherence is shown in Fig. 4 . It is interesting to note that in several cases the phase coherence rapidly decays during and immediately after the turning up of the lattice potential, but remains surprisingly steady at some finite value afterwards. 
C. Optical lattice with a larger number of sites
In this Section we present the main results of the paper by considering the splitting of a harmonically trapped BEC by a rapidly varying optical lattice potential. We choose the lattice spacing to be d = πl/8 in Eq. (20) . We then have about 30-35 lattice sites within the classical diameter 2R of the BEC. A similar number of sites has also been realized in recent experiments in a cigar-shaped trap with d ≃ 2.7µm [4] . The ground state atom number N 0 = 2000 before turning up the lattice results in the occupation number of about n 0 ≃ 90-100 atoms in the central site of the optical lattice. The normalized ground state atom density is shown in Fig. 5 with (for s = 20) and without an optical lattice.
The effect of the final lattice height
In this Section we vary the final height of the optical lattice potential when a harmonically trapped BEC is fragmented by means of continuously turning up the lattice. We evaluate the dynamics of the phase fluctuations between the atoms in different lattice sites and the atom number fluctuations in individual sites. The system is closely related to the recent experiment by Orzel et al. [6] where the atom number squeezing in strong optical lattices with large filling factors was observed. However, the notable difference between our model and the experimental set-up is that in Ref. [6] the 1D optical lattice exhibited a very weak radial confinement and did not produce a tightly-elongated 1D gas with negligible radial excitations.
In Fig. 6 we show the phase coherence between the atoms in the central well and in its nearest neighbor C 1 [Eq. (16) ] and the number fluctuations ∆n 0 [Eq. (15) ] in the central well for different final heights of the periodic potential at T = 0. The ramping-up time is fixed to ωτ = 6 for s = 30, 40 and to ωτ = 10 for the shallower lattices. For shallow lattices the phase coherence remains high and steady, but for larger s it is reduced and becomes strongly oscillatory. The enhancement of phase fluctuations in deeper lattices is associated with progressively increasing atom number squeezing. The number squeezing can be accurately fitted according to (∆n 0 ) 2 n 0 ≃ 0.03 + 0.5e −s/8 .
Due to the large occupation numbers, ∆n 0 are strongly sub-Poissonian, approaching the asymptotic value (∆n 0 ) 2 /n 0 ≃ 0.03 ≪ 1 for large s. The numer- ics proved more demanding when the final height of the optical potential reached 30-40E r . Although the discrete tight-binding Hamiltonian Eq. (A1) is only valid for weakly excited and very deep lattices, it is interesting to compare the TWA to the Bogoliubov approximation of the BHH (A1), introduced in Appendix A. The discrete Bogoliubov result for the ground state in a uniform lattice [Eq. (A16)] predicts the phase fluctuations ∆ϕ 01 to be weak when the hopping amplitude J times the lattice site occupation number n is much larger than the on-site interaction U . From the numerical results for D 1 [Eq. (17)] in Fig. 6 we can deduce (∆ϕ 0,1 ) 2 and for shallow lattices we find it to be roughly by the factor of two smaller than the uniform ground state result Eq. (A16). The small phase fluctuations of the TWA results may be better understood when we compare them to the phase fluctuations obtained by solving the discrete Bogoliubov theory in a combined harmonic trap and an optical lattice; Fig. 14. Including the harmonic trap can significantly reduce the phase fluctuations close to the trap center and enhance them close to the edge of the atom cloud.
The Bogoliubov result of the discrete tight-binding Hamiltonian Eq. (A1) for the ground state atom number fluctuations [Eq. (A15)] indicates that ∆n i becomes strongly sub-Poissonian (∆n i ) 2 ≪ n i , when n i U ≫ J. The numerical TWA results for the atom number fluctuations in shallow lattices in Fig. 6 are clearly higher than the homogeneous ground state result in Eq. (A15). More-over, in deep lattices (see the discussion in Appendix A), the system in the ground state may undergo a quantum phase transition from the superfluid to the Mott insulator state. Here n i J ∼ U at s ≃ 38. However, in the simulations we find ∆n 0 1 for all s. The saturation of the atom number squeezing in Eq. (23) and clearly higher values of ∆n 0 than predicted for the ground state indicate that the atoms are not loaded adiabatically into the optical lattice. The saturation can be understood if we take into account the effects of the finite ramping-up time of the lattice.
In order to preserve the adiabaticity during the turning-up of the lattice potential and for the system to remain in its ground state, we require that the rate of change of any parameter in the Hamiltonian to be slower than any characteristic time scale of the system. In optical lattices when the lattice height is increased, the most rapidly changing parameter typically is the tunneling amplitude for the atoms between neighboring sites. On the other hand, at low lattice heights it is more difficult to avoid exciting higher vibrational levels within one potential well, resulting in excitations in the higher energy bands.
The phonon mode energies ω j in the lowest energy band decrease with increasing lattice strength [see the homogeneous Bogoliubov result for the tight-binding Hamiltonian in Eq. (A12)] [60, 61] and, as the lattice becomes deeper, it is progressively more difficult to maintain the adiabaticity with respect to these excitations. In deep lattices for the loading to remain adiabatic it is therefore required that
for all the phonon mode energies ω j during the turning up of the lattice. In Fig. 6 we find the number squeezing to saturate around s=20-30, indicating the point where an increasing number of phonon modes is excited and the phonon mode frequencies no longer satisfy the condition Eq. (24). Consequently, the turning up of the lattice potential is strongly nonadiabatic. Due to the nonadiabaticity, the s ≥ 15 cases exhibit significant excess number fluctuations as compared to the ground state. After a short time period over which C 1 remains constant, the large ∆n i evolve into large phase fluctuations and C 1 becomes oscillatory and collapses.
As argued in Ref. [60] , if the adiabaticity of a phonon mode breaks down, the number fluctuations of the mode freeze to the value that prevails at the time this occurs, i.e., when ω j ∼ ζ(t). If we naively apply this argument to the Bogoliubov result in Eq. (A15) for the case where the adiabaticity condition Eq. (24) breaks down for several modes with ω j ζ(t), we obtain
where ζ j (t j ) denotes the value of ζ(t) when we have ω j ∼ ζ(t) for the first time during the turning up of the lattice for the jth phonon mode at time t j . Since for all j, ζ j (t j ) is in the studied case roughly of the order of ω, we have the asymptotic value for s → ∞,
qualitatively similar to the results in Fig. 6 . We may also estimate in this case the time required to turn up the optical lattice adiabatically from s = 10 to s = 35. If, for simplicity, we assume that the optical lattice was ramped up in such a way that J(t) ≃ J 0 e −κt , we obtain in Eq. (24) a constant ξ = κ. In order to have an adiabatic loading of the atoms into the lattice, we therefore require that κ ≪ ω j for all the modes j. If we assume that the homogeneous Bogoliubov result Eq. (A14) for the lowest phonon mode energy ω q,min still provides at least the correct order of magnitude estimate at s = 35 with the large filling factor considered here, the adiabaticity condition is roughly satisfied if κ ≪ 0.1/ω. The corresponding time required to have a slow enough ramping from s = 10 to s = 35 is then ∆t ≫ 40/ω ≃ 0.6s, where we have used the value of the trap frequency ω = 2π × 10Hz (with the present set of parameters this corresponds to the lattice spacing d ≃ 1.3µm for 87 Rb). However, such a slow turning up process of possibly tens of seconds in order to reach the Mott ground state is extremely difficult to achieve experimentally, since the ground state lifetime is limited by the losses due to the three-body collisions and the spontaneous emission of photons.
A similar argument also applies to the atom number squeezing experiment in Ref. [6] . In Ref. [6] a BEC was initially confined in a harmonic trap. The atom cloud was then split by continuously turning up an optical lattice and the atoms were interfered at different final heights of the lattice potential. The atom number squeezing in individual lattice sites was calculated from the phase fluctuations by measuring the loss of visibility in the interference fringes. The lattice had about 12 sites with ∼1000 atoms in the central well. The lattice depths of up to s = 50 were reached, corresponding to n i U/J ∼ 10 5 . Here n i U was estimated from the size of the atom cloud and it varied considerably during the ramping, since the lattice light field also changed the transverse confinement depending on the lattice height. If we use the same simplified analysis as before to estimate the time required to turn up the lattice adiabatically from s = 10 to s = 50, we obtain ∆t ≫ 50ms. Consequently, it is not surprising that the ramping-up time 200ms used in the experiments was not sufficiently slow to reach the ground state of the atoms. The adiabaticity condition ∆t ≫ 50ms is not as severe as in our simulation example, but in the system of Ref. [6] even the lattice height s = 50 is still far below the Mott transition point.
As we already argued in Ref. [30] , the requirement of a very slow ramping-up time generally makes it difficult to reach the Mott insulator ground state experimentally when there are many atoms per lattice site for a large number of sites. This indicates that producing technologically interesting strong atom number squeezing with large occupation numbers has serious limitations. In the lattices with small filling factors, that have been so far used in the Mott insulator state experiments, the above argument is no longer valid due to rapidly emerging energy gap and much larger quantum fluctuations even in a shallow lattice.
We have shown that for large filling factors the squeezing of atom number fluctuations within individual lattice sites, resulting from the turning up of the lattice potential, saturates for deep lattices. The saturation of the number squeezing for strong lattices was experimentally observed in Ref. [6] . As we already pointed out, such a system is not tightly elongated, but we can still make qualitative comparisons to the experimental data. Although the saturation was assumed in Ref. [6] to be an artifact of the analysis method of the interference measurement, we also numerically find similar saturation effect in a qualitative agreement with the experiment, without including the effects of the interference experiment. As we argued here, such saturation may result as a consequence of the nonadiabaticity of the loading process.
If the loading is sufficiently rapid or the final lattice sufficiently high, so that the adiabaticity breaks down for a large number of modes, the optimal number squeezing is proportional to the ramping speed itself and the nonlinearity. Both in Fig. 6 and in Ref. [6] the squeezing saturates at about 15dB when n i U/J ∼ 10 4 . The ramping-up time τ ≃ 4000 /E r in Ref. [6] is one order of magnitude longer than in Fig. 6 , but this is compensated by the weaker hopping amplitude J, so that the saturation roughly occurs at the same value of ω n τ .
Due to the nonadiabaticity of the loading of atoms into the lattice, the system in Ref. [6] may not have been in its ground state during the turning up of the lattice potential. Similarly to our numerical example, the nonadiabaticity in the experiment can induce larger phase fluctuations than those in the Heisenberg minimum uncertainty state for the atom number and phase. Additionally, an inhomogeneous phase profile can reduce the visibility of interference fringes similarly to phase fluctuations. Consequently, not all the experimentally detected phase noise in the loss of interference fringes may directly correspond to the atom number squeezing. Although the increased phase noise in the experiment therefore did not provide an entirely conclusive measure of the atom number fluctuations, our numerical simulations, nevertheless, seem to indicate that a considerable number squeezing may have been present also in Ref. [6] .
The effect of increased phase fluctuations due to a rapid turning up of the lattice may even be more pronounced in the absence of strong radial confinement, as in Ref. [6] , as a result of the nonlinear coupling between the radial and the axial modes. The numerical solution of GPE in 1D, in Ref. [31] , and in 3D, in Ref. [32] , was com- pared to the experimentally observed phase noise using the parameters of Ref. [6] . Although this model cannot incorporate any quantum effects, the numerics showed signs of a reduced interference visibility due to inhomogeneous phase profile [62] .
The effect of initial temperature and nonlinearity
Finite initial temperature increases the initial noise in the Wigner distribution [Eq. (9)] of the TWA as a consequence of the finite temperature noncondensate fraction in the excited levels. This is expected to affect the coherence between the different sites (as we saw in Section III B) and the fluctuations in the atom number ∆n 0 . In Fig. 7 we show ∆n 0 and the phase coherence C 1 for different initial temperatures T i for final lattice height s(τ ) = 20. Here (∆n 0 ) 2 increases exponentially as a function of T i . The phase coherence C 5 between the central well and its fifth neighbor decays significantly faster than C 1 . The dependence of the phase collapse time τ c on the initial temperature T i is approximately linear (compare to Fig. 3) . At s = 20 the effects of the harmonic trap are already significant in C 5 , since the potential energy difference due to the harmonic trap between the central lattice site and its fifth nearest neighbor exceeds the tunneling energy V h (j = 5) − V h (j = 0) ≃ 2 ω n 0 J.
In order to estimate the effect of the nonlinearity we varied N 0 g 1D /( ωl) from 100 to 200 for the case of the final lattice height s = 20, the ramping-up time ωτ = 10, and the initial temperature T i = 0. In Fig. 8 we show the results for the phase coherence C 5 and the atom number fluctuations ∆n 0 in the central well. The depen- dence of the phase collapse time on the nonlinearity is obtained by choosing the time when C 5 = 0.5. We compare the numerical TWA results for ∆n 0 to the analytic tight-binding result in the ground state of the uniform lattice (A17) by fitting the TWA results according to (∆n 0 )/ √ n 0 ∝ U c . Here the exponent c of the on-site nonlinearity is the fitting parameter. The TWA simulations yield c ≃ −0.3, as compared to the ground state result c = −0.5 of Eq. (A17). In Fig. 8 , the (∆n 0 )/ √ n 0 plot was obtained by averaging over the time interval 4/ω after the lattice was turned up.
Validity of the classical GP theory
The classical mean-field theories, in particular the GPE, have been very successful in describing the full multi-mode dynamics of weakly-interacting, harmonically trapped atomic BECs. However, the GPE has severe limitations in optical lattices where the interactions are enhanced, since the classical GPE disregards thermal and quantum fluctuations, decoherence, and the information about quantum statistics. It is especially interesting to study the limits of validity of the GPE in shallow optical lattices. In Ref. [43] it was shown that the experimentally observed damping of the dipolar motion of atoms in a very shallow lattice with s = 0.25 [11] resulted from the large ratio g 1D /N . If the atom number in the simulations was increased, or g 1D /N decreased, while at the same time keeping the chemical potential ∝ N g 1D fixed, the damping rate was reduced exponentially and the results approached the classical GPE limit. Here we study the turning up of the lattice for much larger filling factors and, hence, smaller g 1D /N . In Fig. 9 we show the coherence between the central well and its fifth neighbor for different final lattice heights and different temperatures and the atom number fluctuations in the central well for s = 5. The number of atoms in the central site n 0 ≃ 90-100. For the case of s = 5 the phase coherence remains high at low initial temperatures. The number fluctuations at T i = 0 are weakly sub-Poissonian ∆n 0 ≃ 5.5 < 10 and are increased due to the initial finite temperature. However, for s = 8 and s = 10, the TWA results are notably different from the classical GPE dynamics, even at zero temperature. For s = 8 and s = 10 the loss of coherence at T i = 0 due to vacuum fluctuations is already comparable to the loss of coherence at s = 5 due to thermal fluctuations at k B T i = 38.5 ω. (When the initial thermal population is close to ten percent.) For s = 10, the atom number fluctuations are also more sub-Poissonian ∆n 0 ≃ 3.9 < 10 at T i = 0; see Fig. 6 .
Change of temperature during the splitting
The optical potential also affects the temperature of the atom vapor. If the lattice potential is turned up adiabatically, the population of each mode remains constant and temperature T can change dramatically, as the contribution of each mode to T changes by the ratio of the final and initial mode energies ω
j . An adia- batic increase in the lattice strength may both increase or lower T , depending on whether the excited band is occupied [63] and in the experiments the condensation temperature has been found to be sensitive to the lattice height [64] . In Fig. 10 we estimated the 'temperature' of several lowest phonon modes in the TWA simulations by evaluating the corresponding occupation numbers n k . This was obtained by calculating the projection of ψ W to the Bogoliubov modes of the BHH using Eq. (A6), as explained in Appendix A. The averages are taken over a time period before any significant rethermalization occurs after the ramping [65] . The modes 2 and 4 are highly excited for the case of short τ , due to the nonadiabatic loading. The excitations are damped out at higher initial temperatures T i and for the case of the slowest ramping ωτ = 30, representing the situation where ω 2 τ ≫ 1 and ω 4 τ ≫ 1. It is interesting to note that the excitations of the forth mode are only damped out when the rate of change in the tunneling amplitude ζ is much smaller than the corresponding mode energy, or when ω 4 ≃ 26ζ(τ ). This is more restrictive condition than the one found in Ref. [60] . For very fast ramping ωτ 3, the variation of T i is already completely dominated by the excitations due to the rapid turning up of the lattice.
Turning up the nonlinearity
The numerical solutions for the initial equilibrium state in the TWA simulations may in some cases, especially in higher dimensions, be difficult to obtain. In Ref. [42] the ideal, noninteracting condensate was used as an initial state for the TWA simulations, but the interaction constant was first continuously ramped from zero up to some final value, before the actual atom dynamics was studied. By means of turning the nonlinearity up slowly enough, the goal was to produce the initial state of an interacting system. If the ramping is slow enough, the dynamics is then expected to resemble to that of the interacting system. Here we study the atom dynamics by first linearly turning up the interaction constant from g initial 1D = 0 to a final value g final 1D during the time τ g , before starting to ramp up the optical potential. Experimentally, such a technique could possibly be employed by means of using Feshbach resonances to tune the value of the scattering length a.
The field operator for the initial state of the noninteracting system is that of the ideal harmonic oscillators in thermal equilibrium:
where we have explicitly separated the BEC mode, H j is the jth Hermite polynomial, and R j ≡ ( √ π2 j j!l) −1/2 . The sampling of the Wigner distribution for α j and α 0 to generate ψ W (x, t = 0) is then performed exactly as in the interacting case.
In Fig. 11 we show the TWA simulation results for the initially noninteracting system for which we first slowly turn up the interactions to the value g 1D = 0.05 ωl, before ramping up the optical lattice potential. We also show the results for the initially interacting system for which the initial state is obtained by solving the Bogoliubov equations with g 1D = 0.05 ωl. The initial temperature of the noninteracting case is set to be equal to the temperature of the interacting system we want to compare. Therefore the condensate and the noncondensate populations in the initial state of the TWA simulations are slightly different in the interacting and noninteracting cases.
In the example case the two approaches yield surprisingly similar results at low T i . At higher T i the atom number fluctuations in the case of the ideal gas initial state are smaller. This is most likely due to the lack of any notable rethermalization in the 1D TWA simulations [65] , so the turning up of the nonlinearity fails to produce the thermal equilibrium state.
Sampling of the noise for the initial ground state mode
In the TWA simulations the quantum fluctuations of the initial BEC mode are included by assuming the BEC to be in a coherent state, so that the initial state is sampled according to the corresponding Wigner distribution in Eq. (11) . Although the condensate mode is expected to exhibit sub-Poisson atom number fluctuations, the advantage of the coherent state representation is that the Wigner distribution is positive. For instance, the Wigner distribution of a number state with n atoms is nonpositive: W (α, α * ) = 2(−1) n exp (−2|α| 2 )L n (4|α| 2 )/π [48] , where L n denotes the Laguerre polynomial, and cannot be represented in the TWA simulations without doubling the dimension of the phase space [66] analogously to the positive P representation [47] . However, as we already noted earlier, the particular representation is not so crucial, since the main contribution to the matter wave coherence is due to the thermal and quantum fluctuations of low-energy phonons and the quantum fluctuations of the initial state of the BEC mode are not very important. In Fig. 12 we show the TWA results for the typical physical parameters of our system both when the BEC mode is sampled according to Eq. (11) (with Poisson atom number fluctuations) and when we entirely ignore the quantum fluctuations of the BEC mode and treat it classically having a fixed number of atoms. A classical treatment of the ground state does not affect the prediction for the phase coherence along the lattice, but produces slightly smaller atom number fluctuations in the lattice sites.
Importance of the symmetric ordering
The TWA simulations return quantum expectations values for the operators that are symmetrically ordered. This generally creates significant complications in interpreting the simulation results in terms of normally ordered expectation values, as we already emphasized in Section II B. However, as we here demonstrate, the correct transformation between the different operator orderings is very crucial in obtaining the correct physical results.
Since the P-representation of the density matrix re- turns the expectation values of normally ordered operators, e.g., α * j α j P = α † jα j , we may also call the stochastic dynamics that assumes the operator expectation values to be normally ordered as the "truncated P approximation" (TPA) [38] . The P-representation is singular at T = 0, but is often used to study finite temperature systems. A review of its mathematical properties may be found in Refs. [47, 48] .
We illustrate with a numerical example the importance of the particular stochastic representation of the density matrix. We integrate both TWA and TPA according to Eq. (5) for the same system at finite initial temperature T i by means sampling the Wigner and the P distributions. The results shown in Fig. 13 for the phase coherence C 1 and the atom number fluctuations ∆n 0 are then useful in understanding the importance of the operator ordering. The P-distribution does not introduce the correct noise in the initial state and therefore it fails to produce the right phase coherence properties and underestimates the atom number fluctuations. At high temperature, the TPA is closer to the TWA because thermal noise starts dominating vacuum fluctuations.
IV. CONCLUDING REMARKS
We studied the loading of a harmonically trapped BEC into an optical lattice. As the lattice height is increased, quantum fluctuations become more important and the classical GP description breaks down. We found that the TWA provides a powerful tool to study nonequilibrium dynamics of bosonic atoms in an optical lattice. We showed that, especially at low temperatures, the correct quantum statistics of phonon modes and the accurate treatment of the operator orderings in the Wigner representation are very important.
The TWA incorporates the full multi-band description of the lattice dynamics and becomes more accurate when the occupation number of the sites is large and quantum fluctuations are not too dominating. In the TWA simulations of the turning up of the lattice potential we found the atom number squeezing to saturate for deep lattices, which can be explained by the finite turning-up time. It is numerically more demanding to study significantly longer ramping-up times that would result in considerably more reduced atom number fluctuations. It is also expected that the TWA would eventually break down over longer time scales very close to the MI state that could be interesting to investigate. In our theoretical study of dissipative dipole oscillations of bosonic atoms [43] , we successfully modeled the system with the TWA for the case of considerably stronger quantum fluctuations than in the present work, in a good agreement with the experimental results [11] . This seems to suggest that also notably stronger atom number squeezing could be studied within the TWA than the one reported in this paper by considering very long ramping-up times. As our analysis shows, however, that, in the case of lattices with large filling factors, very long ramping-up times, that are required to reach the MI ground state, can be extremely challenging in actual experiments.
The TWA simulations could also be extended to 2D or 3D lattices. In 2D and 3D the implementation of the TWA may require a special care, but, at least in the uniform space, it has been successful in modeling thermal fluctuations [38] . In higher dimensions also more complex initial states could be considered, such as topological defects and textures that may be prepared by phase imprinting [67] .
where L d j ≡ 2n j U + ν j − µ and f j n ≡ f n (jd). The expression for the fluctuations δb j in Eq. (A3) may be inverted by using the relation:
in order to obtainχ n :
In Section III C 4 we use this expression to evaluate the occupation numbers
of the low energy quasiparticle modes in the lattice in the TWA simulations by substituting δb j =b j − c j , so that n k is obtained from the numerically evaluated correlation functions involvingb j 's. The atom number operatorn i at the site i may be obtained by noting that we may expand to first order in δb i :b † ib i ≃ n i +n i , for
where w j ≡ f j − h j . Moreover, we introduce the phase operator at the site i aŝ
for which the commutator [n j ,φ j ] = i and we have defined r j ≡ f j + h j . Diagonalizing Eqs. (A4) yields the results for the number fluctuations in the ith site and the phase fluctuations between the kth and lth site:
and
wheren j = χ † jχ j is the thermal population of the jth phonon mode in the lattice.
In an inhomogeneous BEC, the phonon modes are spatially localized and Eqs. (A10) and (A11) generally lead to spatially varying density and phase fluctuations. However, in the homogeneous case (ν i = 0) the Bogoliubov expressions for the phase and number fluctuations are suitable for an analytic treatment. In the case of the homogeneous system with n atoms per site, we obtain the excitation frequencies [60, 61] :
( ω q ) 2 = 4J sin 2 qd 2 4J sin 2 qd 2 + 2nU , (A12)
where q is the quasiparticle momentum with periodic boundary conditions, so that qd = 2πm/N p , for m = −N p /2, . . . , N p /2 − 1, and N p denotes the number of lattice sites. Moreover, in the experimentally interesting regime nU ≫ J we obtain
and for N p ≫ 1 the lowest phonon mode energy
Moreover, in the limit nU ≫ J, the expressions for the number and phase fluctuations in Eqs. (A10) and (A11) can be approximated by [60, 61] :
wheren q is the occupation number of the phonon mode with the quasimomentum q. By replacing the sum by an integral when N p is large, these yield at T = 0:
Formulas (A17) and (A18) provide useful comparisons to our numerical results. In Fig. 14 we show the numerical results of the number and phase fluctuations in a harmonic trap, obtained by solving the Bogoliubov approximation to the BHH from Eqs. (A4) for a typical system in our simulations. We evaluate ∆n 0 using Eq. (A10) and compare it to the homogeneous results with n = n 0 , determined by Eq. (A17). We also calculate (∆ϕ 0,i ) 2 as a function of the lattice height s using Eq. (A11) for several sites along the lattice and we evaluate (∆ϕ 0,1 ) 2 in the homogeneous case from Eq. (A18). The inhomogeneous results for the phase fluctuations are numerically very unstable due to the summation formula in Eq. (A11) and spatially localized phonon modes. Consequently, the results for (∆ϕ 0,i ) 2 should only be considered as an order of magnitude estimates, describing the qualitative behavior. Numerically we find the Bogoliubov result in a harmonic trap for ∆n 0 to be larger and for ∆ϕ 01 smaller than the homogeneous result. The harmonic trap significantly reduces phase fluctuations close to the trap center and enhance them close to the edge of the atom cloud. 
APPENDIX B: THREE-BODY LOSSES
The TWA approach in this paper ignored any atom losses due to three-body collisions. The TWA with incorporated three-body losses would result in a dynamical stochastic noise term in Eq. (5) and more demanding numerics. We may estimate the importance of the threebody losses in an optical lattice system as in Ref. [71] . In a deep lattice with a fragmented condensate the atom loss rate at the central lattice site (with n 0 ≫ 1) is approximately dn 0 dt ≃ −Γn 3 0 , Γ =
where K 3 is the recombination event rate and η 0 (r) is the ground state wave function in the central site with the atom number n 0 . For simplicity, we have ignored the correlations between different lattice sites. We obtain from Eq. (B1):
Here on the right-hand side we have introduced the same parameters as in Fig. 6 with s = 20. In order to the three-body loss rate to be negligible over the time scale of the simulations we require Γn 3 0 ≪ ω that may be satisfied for sufficiently large l. For the 1D description of the dynamics to be valid we also need to maintain ω ⊥ nU ∼ ng 1D ks 1/4 / √ 2π. For example, for 87 Rb we use K 3 ≃ 2.2 × 10 −28 cm 6 /s [72] and a ≃ 5.313nm. Then ω = 2π × 1Hz yields Γn 3 0 ≃ 0.006ω and, using an average occupation number n, ω ⊥ ∼ 3ng 1D ks 1/4 / √ 2π with ω ⊥ ≫ ω. The effect of the three-body losses could be further reduced by using different atoms and the Feshbach resonances.
